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论文内容简介

针对四旋翼无人机受到的参数不确定性和外部扰动的问
题，本文提出一种鲁棒自适应滑模控制技术。首先，基
于牛顿-欧拉方程建立四旋翼无人机的欠驱动动力学模
型。然后，使用滑模方法设计四旋翼无人机的高度和姿
态的控制律。同时，提出一种群参数自适应律估计四旋
翼无人机动力学模型的所有物理参数。利用 Lyapunov定
理证明了所提控制器能够渐进删除跟踪误差。最后，通
过与自抗扰控制器、线性二次调节器的仿真与实验对比，
说明了所提控制器的有效性和鲁棒性。

论文创新内容与工程

应用价值

本文的创新在于提出一种群参数自适应律估计四旋翼无
人机的所有物理参数。所设计的控制器能够应用于任何
种类的四旋翼无人机。此外，借助灵思创奇公司提供的
实验台架，我们通过对比实验验证了所设计的控制器在
追踪性能上优于自抗扰控制器和线性二次调节器。因此，
我们的研究具有重要的工程价值

灵思创奇设备价值

本文的实验验证基于灵思创奇公司提供的四旋翼无人机

实验台架。首先，在MATLAB/Simulink中完成控制器的

搭建与仿真验证。然后，借助灵思创奇公司提供的上位

机软件，利用MATLAB中的代码生成技术将 Simulink
中的控制器模块转化为 C语言，并利用WIFI将其下载

到无人机的控制芯片中。最后，调试控制参数完成实验

验证。

这套设备的价值在于它帮助研究人员避免了 C语言的编

写，把更多的时间投入到高效、可靠的控制器设计中。

因此，它极大地缩短了研究人员在无人机上验证所设计

的控制器的时间。
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Subject to Severe Parametric Uncertainties and Fully Unknown External
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Abstract: This paper aims to provide a generic robust controller that is able to manipulate all kinds of quadrotor un-
manned aerial vehicle (UAV) systems automatically or adaptively in the presence of severe parametric uncertainties
and fully unknown external disturbance. The dynamic model of the quadrotor is first obtained using Newton-Euler
equations. Then, considering the underactuated and the strongly coupled characteristics of the quadrotor system,
a nonlinear adaptive sliding mode control (ASMC) scheme is proposed. Meanwhile, additional adaptive laws are
designed to estimate all the parameters of the quadrotor system, which in principle are difficult to be measured di-
rectly and accurately. Furthermore, to guarantee the asymptotic stability of the closed-loop system, the upper bound
of the fully unknown external disturbance is estimated and adopted as the switching gain of the ASMC. Finally,
simulations and experiments are carried out to illustrate the effectiveness and robustness of the proposed control
scheme, where the superiority to linear quadratic control (LQR) and active disturbance rejection control (ADRC)
has been demonstrated clearly.

Keywords: Adaptive sliding mode controller, external disturbance, parametric uncertainty, quadrotor unmanned
aerial vehicle.

1. INTRODUCTION

The attention of quadrotor UAVs has gradually in-
creased in civilian and commercial applications recently
as they have several advantages over the fixed-wing air-
crafts and the traditional-rotor helicopters including the
ability to hover, quite simplified mechanical design, ma-
neuverability and vertical takeoff and landing [1–3].

To meet the requirement of flight mission with high reli-
ability, the design of specialized controller for a quadrotor
UAV in both indoor and outdoor environments is indis-
pensable. However, the control of quadrotor is still a chal-
lenging work due to underactuated characteristics, model-
ing nonlinearity with strongly coupled dynamics as well
as the effect of large payload variation, gyroscopic mo-
ments. In addition, external disturbances and uncertainty
of parameters are ubiquitous phenomena in the design of
quadrotor controller, which have been highlighted in the
literatures over the years.

First, for the quadrotor system subject to parametric un-
certainties, [4] presents a closed-form nonlinear control

strategy for achieving tracking of desired output of trans-
lational movement in a quadrotor aerial vehicle model
with uncertain physical parameters, including mass and
inertia moment. In [5], to solve the problem of safe and
fast delivery of packages by a quadrotor, a control tech-
nique based on the interconnection and damping assign-
ment is proposed despite the uncertainties of moments of
inertia and mass of the quadrotor. Meanwhile, adaptive
control scheme has been widely used in four-rotor UAV
system with parametric uncertainties [6–9]. More specifi-
cally, a robust adaptive attitude dynamics controller is de-
veloped in [6] to asymptotically follow a given attitude
command and an adaptive law is designed simultaneously
for estimating the inertia matrix for the quadrotor dynam-
ics. In [7], the backstepping control is employed to settle
the under-actuation issue of the four-rotor aircraft, while
adaptive learning algorithm is applied to real-time estima-
tion of mass parameter of the quadrotor. In [8], an im-
mersion and invariance adaptation scheme is designed to
allow the estimated mass of the four-rotor system to con-
verge to its real value asymptotically. To ensure finite-time
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stabilization of quadrotor, [9] provides a construction ap-
proach of ASMC, where the proper adaptive algorithms
are adopted to estimate the uncertain physical factors of
the quadrotor. However, the ability to reject external dis-
turbances is not considered in the ASMC when system
stability is analyzed.

Then, for the quadrotor UAV system with external dis-
turbances, backstepping control has been extensively stud-
ied to address the problem of trajectory tracking [10, 11].
In particular, in [12], to robustly reject external constant
and unknown stochastic disturbances, a nonlinear control
law consisting of SMC and backstepping control method
is introduced to track the reference signal of the transla-
tion subsystem and rotation subsystem of a quadrotor he-
licopter. In [13], a second-order SMC scheme is investi-
gated and implemented on a four-rotor helicopter, which
has demonstrated robustness to disturbances. In addition,
[14] suggests a hybrid control algorithm that incorporates
optimal LQR and robust SMC to achieve the velocity fol-
lowing of a small-scale unmanned aircraft system under
the perturbation effects. A continuous SMC strategy with
uniform exponential stability is proposed in [15,16] to re-
alize the trajectory tracking task of the translational and
rotational motion of a four-rotor aircraft subject to the
influence of some kind of disturbances. [17] presents a
robust nonlinear control methodology, which is actually
applied to a four-rotor unmanned system, for trajectory
tracking and waypoint navigation in consideration of ex-
ternal wind gusts disturbance. In [18], external force and
torque are taken as disturbances to the system and are es-
timated by the designed observers. Further, a nonlinear
controller with the estimated values by the observers is
developed to compensate the external disturbances and to
achieve the stable control of the position loop and attitude
loop of the four-rotor system. In [19], to design robust H∞

controller to stabilize the nonlinear quadrotor system suf-
fering various external disturbances, a systematic method
based on linear matrix inequality is proposed. Meanwhile,
[20] introduces a new nonlinear control law with exponen-
tial convergence for the trajectory tracking of translational
and rotational movement of four-rotor systems that do not
have any simplified information and assumption of model.
In [21], a robust attitude stabilization algorithm based on
switching model predictive is presented for a four-rotor
unmanned system taking into account atmospheric dis-
turbances. [22] develops an anti-Gaussian random distur-
bance control strategy to achieve the path following of a
quadrotor system.

Furthermore, many studies have been done to achieve
the robust control of four-rotor UAV under the coupling
effect of external disturbances and parametric uncertain-
ties. In [23], a model predictive controller is presented
to complete the path following in the position subsys-
tem, while a nonlinear H∞ strategy is proposed to control
the attitude subsystem for a four-rotor aircraft in the case

of sustained external slight gust and the uncertainties of
mass and inertia matrix. To realize that a four-rotor air-
craft can follow the preset location point and pose point
under the consideration of drag coefficients uncertainty
and external disturbances, a robust guaranteed cost con-
trol scheme is introduced in [24]. [25] proposes a non-
linear control approach to overcome the total uncertainty,
which incorporates external disturbances, parameters and
unmodeled uncertainty for robustly stabilizing the three
attitude angles of a quad-rotor UAV system. In [26], a
control strategy combining adaptive control and satura-
tion control is investigated to achieve path tracking of a
four-rotor aircraft in translational and rotational motion,
which has considered additional external disturbances, un-
certainty of drag coefficient and moment of inertia param-
eters. Besides, [27] proposes a dynamic surface based ro-
bust control technique for a four-rotor aircraft under the
influence of uncertainty of parameters including damp-
ing matrices, arm length, force-to-moment factor and un-
known external lumped disturbances online estimated by
extended state observer. Meanwhile, a novel nonlinear in-
ternal model controller and a multivariable super-twisting-
like algorithm are presented in [28] and [29] respectively
to achieve the tracking control of attitude loop of a four-
rotor aircraft in the face of wind gust and uncertainty of
inertia matrix. Furthermore, to achieve control of posi-
tion and attitude of quadrotor, an adaptive nonsingular fast
terminal SMC and an adaptive backstepping fast terminal
SMC are designed in [30] and [31], respectively. The ro-
bustness of the ASMC schemes developed in [30, 31] to
external disturbance and uncertainty of physical parame-
ters has been verified by simulation experiments. In [32],
a robust ASMC approach is developed for attitude and al-
titude tracking of a four-rotor system under the simultane-
ous effect of parametric uncertainties and consistent exter-
nal disturbance. This ASMC can only deal with external
disturbance with known upper bound. In [33], a saturated
ASMC is suggested to address autonomous vessel land-
ing problem for a quadrotor considering parameter un-
certainty and external disturbances. [34] presents a neu-
ral network-based ASMC design for control of a quadro-
tor, which provides disturbance rejection capability and is
insensitive to parameters. However, the ASMC methods
employed in [33,34] only consider uncertainties of partial
parameters of quadrotor UAV system.

It is worth highlighting that, although numerous works
have been reported for controller design of quadrotor sys-
tem when parametric uncertainties and/or external distur-
bance are involved, there are no generic robust controllers
that are able to manipulate all kinds of quadrotors auto-
matically or adaptively under the impact of severe para-
metric uncertainties and fully unknown external distur-
bance. Motivated by this and inspired by [9, 33, 34], a
robust ASMC law is developed in this paper, which sta-
bilizes the altitude and attitude tracking errors asymptot-
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ically. The main contributions of the paper are summa-
rized as follows: 1) Unlike the existing results such as
[6–8,27,33,34] that estimate partial parameters of quadro-
tor, in this paper, to deal with the severe parametric uncer-
tainties in a generic way, all the parameters of the system
are estimated efficiently via the designed adaptive laws,
which allow the proposed controller to be applied to any
type of quadrotor system. 2) The asymptotical stability of
the control laws is proven rigorously, when the fully un-
known external disturbance is involved. 3) The robustness
and effectiveness of the proposed controller have been
verified via simulations, real experiments and comparison
with LQR [35] and ADRC [36].

The remainder of this paper is organized as follows:
The description of mathematical model of the quadrotor
and problem statement are given in Section 2. Section 3
introduces the proposed controller and its stability analy-
sis. In Section 4, the simulation results and actual experi-
ment results are presented, respectively. Finally, the main
conclusions of the paper and direction of future work are
presented in Section 5.

2. DYNAMICS DESCRIPTION AND PROBLEM
STATEMENT

2.1. Dynamic model of the quadrotor
We consider the dynamic model of the quadrotor sys-

tem and its detailed derivation process. The actual quadro-
tor is shown in Fig. 1, where E and B represent the earth
and body frames, respectively.

As usual, the following assumptions are given to make
the consequent controller design and analysis rigorous [9,
10, 37].

• The earth frame is the inertial frame.

• The structure of the quadrotor UAV is symmetrical.
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Fig. 1. Quadrotor UAV.

• The structure of the quadrotor UAV is rigid, and there
are no internal forces or deformations.

Let [x,y,z] denotes the three-degree-of-freedom posi-
tion state of output of the quadrotor and [φ ,θ ,ϕ] repre-
sents the three-degree-of-freedom attitude state of output
of the quadrotor, where φ is the roll angle around the x-
axis, θ the pitch angle around the y-axis as well as ϕ the
yaw angle around the z-axis in the coordinate system E.

The rotation matrices around each of the three axes
from earth frame to body frame are given as:

Rφ =

 1 0 0

0 cosφ sinφ

0 −sinφ cosφ

 , (1)

Rθ =

 cosθ 0 −sinθ

0 1 0

sinθ 0 cosθ

 , (2)

Rϕ =

 cosϕ sinϕ 0

−sinϕ cosϕ 0

0 0 1

 . (3)

Then, the transition matrix from system B to system E
is obtained by

RBE = (Rφ Rθ Rϕ)
T , (4)

where (·)T is transpose of matrix (·).
In the following, the translational and rotational dynam-

ics of the four-rotor system will be exploited consequently.
First address the translational dynamics. Notice that the
total lift force generated by the rotors can be given in the
body frame as

Fb
T = [0,0,U1]

T , (5)

with U1, (F1+F2+F3+F4) being the actual altitude con-
trol input, where Fi is the lift force generated by the ith
rotor, i = 1, · · · ,4. According to (4) and (5), the total lift
force in the earth frame is then

Fe
l = RBEFb

T . (6)

Meanwhile, the air resistance is proportional to the flight
speed of quadrotor and can be expressed as

Fe
r = [kxẋ,kyẏ,kzż]T , (7)

where kx, ky and kz are the air resistance coefficients in
the three directions. Moreover, the effect of gravity of the
quadrotor can be described in the coordinate system E as

Fe
g = [0,0,mg]T , (8)

where m is the mass of quadrotor. In summary, applying
Newton’s second law, the translational dynamics of the
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quadrotor UAV subjected to external disturbance can be
obtained by (1)-(8) [15, 21].

ẍ =
U1(sinθ cosφ cosϕ + sinφ sinϕ)− kxẋ

m
+dx,

ÿ =
U1(sinθ cosφ sinϕ− sinφ cosϕ)− kyẏ

m
+dy,

z̈ =
U1(cosφ cosθ)− kzż−mg

m
+dz, (9)

where the dx, dy and dz denote the effect of external wind
disturbance on the translational motion of the quadrotor.

Then, the rotational dynamics of four-rotor system is
addressed. Let [p,q,r] represent the quadrotor’s angular
velocity in the coordinate system B. The differential equa-
tions of the angular motion of the quadrotor are given by
[28, 38]

Mx = Jx ṗ+(Jz− Jy)qr,

My = Jyq̇+(Jx− Jz)pr,

Mz = Jzṙ+(Jy− Jx)pq, (10)

where Mx, My, Mz are the components of the resultant
torque acting on the quadrotor in the three directions of
x, y, z, respectively and Jx, Jy, Jz are the inertias of the
quadrotor around x, y, z, respectively.

Meanwhile, let Mlx,Mly,Mlz denote the components of
the lifting torque of the quadrotor in the three directions
of x,y,z, respectively. They can be expressed as [39]

Mlx = LU2,

Mly = LU3,

Mlz = fU4, (11)

where L is the arm length of quadrotor and f is the scaling
factor from force to moment. In addition, U2, U3, and U4

are attitude control inputs and defined as U2 , (F1 +F3−
F2−F4), U3 , (F3 +F4−F1−F2) and U4 , (F1 +F4−
F2−F3), respectively.

Besides, the quadrotor is subject to gyroscopic torque
during flight, whose components Mgx, Mgy, Mgz around the
x, y, and z axes, respectively, are given by [39]

Mgx = JrqΩ11,

Mgy = Jr pΩ11,

Mgz = 0. (12)

In (12), Jr is the inertia of each propeller and Ω11 ,
Ω2 +Ω3−Ω1−Ω4, where Ωi, i = 1, · · · ,4 represents the
angular speed of the ith propeller.

Considering (10)-(12), the angular motion dynamics of
the quadrotor can be rewritten in the following form.

Jx ṗ = (Jy− Jz)qr− JrqΩ11 +LU2,

Jyq̇ = (Jz− Jx)pr+ Jr pΩ11 +LU3,

Jzṙ = (Jx− Jy)pq+ fU4. (13)

Compared with the brushless motor, the propeller is
light. Hence, it is reasonable to ignore the moment of in-
ertia caused by the propellers here [40]. Notice that the
angular velocity [p,q,r] in the coordinate system B can be
converted to the angular velocity [φ̇ , θ̇ , ϕ̇] in the coordi-
nate system E by [28, 29]φ̇

θ̇

ϕ̇

=


1 sinφ tanθ cosφ tanθ

0 cosφ −sinφ

0
sinφ

cosθ

cosφ

cosθ


p

q
r

 . (14)

To ensure flight safety, the attitude angles of the quadro-
tor are always kept small purposely during the flight. Thus,
it follows from (14) that [φ̇ , θ̇ , ϕ̇]T ≈ [p,q,r]T [41]. In con-
sequence, the rotational dynamics of the quadrotor sub-
jected to external disturbance [15,21] can be derived from
(13),

φ̈ =
(Jy− Jz)θ̇ ϕ̇− Jrθ̇Ω11 +LU2

Jx
+dφ ,

θ̈ =
(Jz− Jx)φ̇ ϕ̇ + Jrφ̇Ω11 +LU3

Jy
+dθ ,

ϕ̈ =
(Jx− Jy)φ̇ θ̇ + fU4

Jz
+dϕ , (15)

where the dφ , dθ and dϕ represent the influence of external
wind disturbance on the rotation motion of the quadrotor.

2.2. Problem statement
In the control of the quadrotor, the changes of the states

φ and θ will result in movement in the x and y directions,
respectively. Therefore, instead of considering the full six
degrees of freedom of UAV, it is sufficient to control the
four degrees of freedom (φ , θ , ϕ and z) only. Eventually,
the considered quadrotor UAV system has a fully-actuated
dynamic model [9], where the four independent control
variables are to be designed.

Denote by zd and [φd ,θd ,ϕd ] the desired altitude and the
three desired attitude angles respectively. The central task
is to design a tracking control strategy including an alti-
tude control algorithm and an attitude control algorithm to
ensure that the desired altitude and attitude trajectories can
be followed asymptotically despite the severe parametric
uncertainties and fully unknown external disturbance. In
other words, by virtue of the proposed control scheme, the
altitude tracking error ez = zd− z and the attitude tracking
error eφ = φd−φ , eθ = θd−θ , eϕ = ϕd−ϕ are supposed
to be stabilized and guaranteed to converge to zero.

3. CONTROLLER DESIGN AND STABILITY
ANALYSIS

To accomplish the control design of the four-rotor UAV
with high precision and high reliability under the influence
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Fig. 2. Control scheme.

of parametric uncertainties and external disturbances, a ro-
bust ASMC is presented in this section, as shown in Fig. 2.

To make the subsequent analysis concise and read-
able, some of the involved disturbance components in (9)
and (15) are rescaled as d̃z , mdz, d̃φ , (Jx/L)dφ , d̃θ ,
(Jy/L)dθ , d̃ϕ , (Jz/ f )dϕ , and some of the parameters are
redefined as β1 ,m, β2 , kz, β3 , Jx/L, β4 , (Jy−Jz)/L,
β5 , Jy/L, β6 , (Jz− Jx)/L, β7 , Jz/ f , β8 , (Jx− Jy)/ f .
Further, let β̂i denote the estimation of βi, i = 1, · · · , 8.
Then, β̃i , βi− β̂i would be the estimation error.

Assumption 1: It is assumed that all the disturbances
are uniformly bounded, i.e., |dx| ≤ δx, |dy| ≤ δy, |d̃z| ≤ δ1,
|d̃φ | ≤ δ2, |d̃θ | ≤ δ3, |d̃ϕ | ≤ δ4 with unknown positive con-
stant δx, δy, δ1, δ2, δ3, δ4.

Assumption 2: In the design of controller for the
quadrotor, to avoid any singularity, we set [20]

−π

2
< φ <

π

2
, (16a)

−π

2
< θ <

π

2
. (16b)

3.1. Altitude controller design
The altitude controller is first designed. Set the sliding

surface as

s1 = c1ez + ėz, (17)

with c1 is a controller parameter to be designed and c1 > 0.
The control input U1 of altitude is designed as

U1 =
1

cosφ cosθ
(β̂1(c1ėz + z̈d +g)+ β̂2ż

+ δ̂1sgn(s1)+ k1s1), (18)

where sgn(·) denotes the signum function, k1 a positive
constant and δ̂1 the estimation of δ1. Meanwhile, β̂i, i = 1,
2 and δ̂1 are learned in the following way.

˙̂
β1 = γ1s1(c1ėz + z̈d +g),
˙̂
β2 = γ2s1ż,
˙̂
δ1 = λ1|s1|, (19)

where γ1, γ2 and λ1 are positive learning gains.
The first main result of the paper is summarized as fol-

lows:

Theorem 1: Consider the altitude dynamic model of
the quadrotor in the form (9) and (15) with the controllers
(18) and adaptive laws (19). Under Assumptions 1 and
2, the output tracking error of the altitude channel of the
quadrotor system is guaranteed to converge to zero asymp-
totically, i.e., ez→ 0 as t→ ∞.

Proof: Define the following Lyapunov function candi-
date:

Vz =
1
2

ms2
1 +

1
2γ1

β̃
2
1 +

1
2γ2

β̃
2
2 +

1
2λ1

δ̃
2
1 , (20)

where the δ̃1 is the estimation error, defined as δ̃1 = δ − δ̂ .
Then, the time derivative of Vz is

V̇z = ms1ṡ1 +
1
γ1

β̃1
˙̃
β1 +

1
γ2

β̃2
˙̃
β2 +

1
λ1

δ̃1
˙̃
δ1. (21)

From (17), ṡ1 in (21) can be calculated in the following
way.

ṡ1 = c1ėz + ëz

= c1ėz + z̈d− z̈. (22)

Noticing the definition of d̃z, (22) and the third equation
in (9), we have

ms1ṡ1 =ms1(c1ėz + z̈d− z̈)

=s1(m(c1ėz + z̈d)− (U1 cosφ cosθ − kzż

−mg+ d̃z))

=m(s1(c1ėz + z̈d +g))+ kzs1ż

− s1U1 cosφ cosθ − s1d̃z. (23)

Considering the definitions of β1 and β2, substituting the
altitude controller (18) into (23) renders to

ms1ṡ1 =β1s1(c1ėz + z̈d +g)+β2s1ż

− β̂1(s1(c1ėz + z̈d +g)− β̂2s1ż

− s1δ̂1sgn(s1)− k1s2
1− s1d̃z

=β̃1s1(c1ėz + z̈d +g)+ β̃2s1ż

− s1δ̂1sgn(s1)− k1s2
1− s1d̃z. (24)

Applying (24) into (21) yields

V̇z =β̃1s1(c1ėz + z̈d +g)+ β̃2s1ż

− s1δ̂1sgn(s1)− k1s2
1− s1d̃z

+
1
γ1

β̃1
˙̃
β1 +

1
γ2

β̃2
˙̃
β2 +

1
λ1

δ̃1
˙̃
δ1. (25)
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Since ˙̃
β1 =− ˙̂

β1, ˙̃
β2 =− ˙̂

β2 and ˙̃
δ1 =− ˙̂

δ1 by the definitions
of β̃1, β̃2 and δ̃ , (25) can be rewritten as

V̇z =β̃1(s1(c1ėz + z̈d +g)− 1
γ1

˙̂
β1)+ β̃2(s1ż− 1

γ2

˙̂
β2)

− 1
λ1

δ̃1
˙̂
δ1− s1δ̂1sgn(s1)− k1s2

1− s1d̃z. (26)

Invoking the adaptive laws of β̂1, β̂2 and δ̂1 in (19) and
adopting the relationship |d̃z| ≤ δ1, (26) further gives

V̇z =−
1
λ1

δ̃1
˙̂
δ1− s1δ̂1sgn(s1)− s1d̃z− k1s2

1

=− 1
λ1

δ̃1
˙̂
δ1− δ̂1|s1|− s1d̃z− k1s2

1

≤− 1
λ1

δ̃1
˙̂
δ1− δ̂1|s1|+δ1|s1|− k1s2

1

≤− 1
λ1

δ̃1
˙̂
δ1 + δ̃1|s1|− k1s2

1

≤ δ̃1(|s1|−
1
λ1

˙̂
δ1)− k1s2

1

≤−k1s2
1

≤ 0, (27)

implying that s1 will converge to zero asymptotically. Ob-
serving the detailed expression of the sliding surface (17),
the asymptotical convergence of s1 directly gives that of
ez. �

3.2. Attitude controller design
Next, the design of roll, pitch and yaw controllers under

the framework of ASMC will be presented in detail. First
address the controller of roll channel.

Define sliding surface as

s2 = c2eφ + ėφ , (28)

where c2 is a controller parameter to be designed and c2 >
0.

The control law U2 of roll channel is designed by

U2 = δ̂2sgn(s2)+ k2s2 + β̂3(c2ėφ + φ̈d)− β̂4θ̇ ϕ̇, (29)

where k2 is a positive constant and δ̂2 is the estimation
of δ2. Then, the adaptive laws of β̂i, i = 3,4 and δ̂2 are
designed as

˙̂
β3 = γ3s2(c2ėφ + φ̈d),

˙̂
β4 =−γ4s2θ̇ ϕ̇,

˙̂
δ2 = λ2|s2|, (30)

where γ3, γ4 and λ2 are positive constants.
The second main result of the paper is summarized as

follows.

Theorem 2: Consider the roll dynamic model of the
quadrotor in the form (15) with the controllers (29) and
adaptive laws (30). Under Assumption 1, the output track-
ing error of the roll channel of the quadrotor system is
guaranteed to converge to zero asymptotically, i.e., eφ → 0
as t→ ∞.

Proof: Considering the following candidate Lyapunov
function:

Vφ =
1
2

Jx

L
s2

2 +
1

2γ3
β̃

2
3 +

1
2γ4

β̃
2
4 +

1
2λ2

δ̃
2
2 , (31)

where the δ̃2 is the estimation error, defined as δ̃2 = δ − δ̂ .
Then, differentiating Vφ with respect to time yields:

V̇φ =
Jx

L
s2ṡ2 +

1
γ3

β̃3
˙̃
β3 +

1
γ4

β̃4
˙̃
β4 +

1
λ2

δ̃2
˙̃
δ2. (32)

By (28), ṡ2 in (32) satisfies

ṡ2 = c2ėφ + ëφ

= c2ėφ + φ̈d− φ̈ . (33)

Noticing the definition of d̃φ , using the first equation in
(15) and (33), the first term on the right-hand side of (32)
can be rewritten as

Jx

L
s2ṡ2 =

Jx

L
s2(c2ėφ + φ̈d− φ̈)

=s2(
Jx

L
(c2ėφ + φ̈d)

− (U2 +
Jy− Jz

L
θ̇ ϕ̇ + d̃φ ))

=s2
Jx

L
(c2ėφ + φ̈d)− s2

Jy− Jz

L
θ̇ ϕ̇

− s2U2− s2d̃φ . (34)

Considering the definitions of β3 and β4, and substituting
the roll control input (29) into (34), we have

Jx

L
s2ṡ2 =β3(s2(c2ėφ + φ̈d))−β4s2θ̇ ϕ̇

− β̂3s2(c2ėφ + φ̈d)+ β̂4s2θ̇ ϕ̇

− s2δ̂2sgn(s2)− k2s2
2− s2d̃φ

=β̃3(s2(c2ėφ + φ̈d))− β̃4s2θ̇ ϕ̇

− s2δ̂2sgn(s2)− k2s2
2− s2d̃φ . (35)

Substituting (35) into (32) yields

V̇φ =β̃3(s2(c2ėφ + φ̈d))− β̃4s2θ̇ ϕ̇

+
1
γ3

β̃3
˙̃
β3 +

1
γ4

β̃4
˙̃
β4 +

1
λ2

δ̃2
˙̃
δ2

− s2δ̂2sgn(s2)− s2d̃φ − k2s2
2. (36)
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Since ˙̃
β3 =− ˙̂

β3, ˙̃
β4 =− ˙̂

β4 and ˙̃
δ2 =− ˙̂

δ2, it follows from
(36) that

V̇φ =β̃3(s2(c2ėφ + φ̈d)−
1
γ3

˙̂
β3)− β̃4(s2θ̇ ϕ̇ +

1
γ4

˙̂
β4)

− 1
λ2

δ̃2
˙̂
δ2− s2δ̂2sgn(s2)− s2d̃φ − k2s2

2. (37)

By substituting the adaptive laws (30) into (37) and em-
ploying the relationship |d̃φ | ≤ δ2, we obtain

V̇φ =− 1
λ2

δ̃2
˙̂
δ2− s2δ̂2sgn(s2)− s2d̃φ − k2s2

2

=− 1
λ2

δ̃2
˙̂
δ2− δ̂2|s2|− s2d̃φ − k2s2

2

≤− 1
λ2

δ̃2
˙̂
δ2− δ̂2|s2|+δ2|s2|− k2s2

2

≤− 1
λ2

δ̃2
˙̂
δ2 + δ̃2|s2|− k2s2

2

≤δ̃2(|s2|−
1
λ2

˙̂
δ2)− k2s2

2

≤− k2s2
2

≤0, (38)

indicating that s2 will converge to zero asymptotically.
Observing the detailed expression of the sliding surface
(28), the asymptotical convergence of s2 directly gives that
of eφ . �

Parallel to the way in designing the control and adap-
tive laws for the altitude and roll channels, the controller
design for the pitch and yaw channels can be derived sim-
ilarly and given directly in the following.

U3 = δ̂3sgn(s3)+ k3s3 + β̂5(c3ėθ + θ̈d)− β̂6φ̇ ϕ̇, (39)
˙̂
β5 = γ5s3(c3ėθ + θ̈d),

˙̂
β6 =−γ6s3φ̇ ϕ̇,

˙̂
δ3 = λ3|s3|, (40)

U4 = δ̂4sgn(s4)+ k4s4 + β̂7(c4ėϕ + ϕ̈d)− β̂8φ̇ θ̇ , (41)
˙̂
β7 = γ7s4(c4ėϕ + ϕ̈d),

˙̂
β8 =−γ8s4φ̇ θ̇ ,

˙̂
δ4 = λ4|s4|, (42)

where ci, ki, λi, i = 3, 4, γ j, j = 5, · · · , 8 are positive
constants and s3, s4 are the sliding surfaces, defined as
s3 = c3eφ + ėφ , s4 = c4eθ + ėθ , respectively.

Remark 1: It is worth mentioning that, since the
signum functions are involved in the controllers, chat-
tering phenomenon could be serious when the proposed
ASMC laws (18), (29), (39) and (41) are applied in the
quadrotor UAV system. To resolve this, saturation func-
tions are used to replace the signum functions in all four

channels [42]. The resultant control performance has been
verified via simulation and real experiment.

Remark 2: In experiments, measurement noise [9, 30]
is inevitable in the feedback test of all state variables of
quadrotors. The robustness of the proposed control algo-
rithm to measurement noise will be illustrated in simula-
tion experiments.

4. SIMULATION AND EXPERIMENTAL
RESULTS

In this section, the simulation and experimental results
of the three control algorithms including ASMC, LQR and
ADRC are presented, respectively. Furthermore, some dis-
cussion and analysis of these results will be given.

4.1. Simulation
The numerical simulation results for ASMC, LQR and

ADRC are first presented. The physical parameters of
mathematical model of the quadrotor system and design
parameters of ASMC are listed in Tables 1 and 2, respec-
tively.

The initial altitude and attitude of the four-rotor system
are assumed as 0 m and [0,0,0] rad. The desired outputs
of altitude and attitude channels are assumed to be zd =

Table 1. Physical parameters of the quadrotor UAV [24].

Symbol Value Units
m 2.33 kg
g 9.8 m/s2

l 0.4 m
Ix 0.16 kgm2

Iy 0.16 kgm2

Iz 0.32 kgm2

kx 0.008 N/m/s
ky 0.008 N/m/s
kz 0.012 N/m/s
f 0.05 m

Table 2. Controller parameters.

Variable Value Variable Value
c1 1 c3 4
k1 1000 k3 20
γ1 4 γ5 3.2
γ2 0.005 γ6 15
λ1 1.2 λ3 1
c2 4 c4 4
k2 20 k4 1000
γ3 3.2 γ7 220
γ4 10 γ8 1
λ2 1 λ4 1.2
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Fig. 3. The estimations of physical parameters.

8 m, φd = θd = ϕd = 0.5 rad, respectively. Besides, for
the purpose of simulation, the external disturbances are
chosen as dx = dy = dz = dφ = dθ = dϕ = sin(t).

The physical parameters βi, i = 1, · · · , 8 and the upper
bound of the external disturbance δi, i= 1, · · · , 4 are online
estimated by (19), (30), (40) and (42), as shown in Figs. 3
and 4.

Fig. 5 depicts the time response of the outputs of
ASMC, LQR and ADRC. It is obviously seen that the
chattering phenomena is greatly suppressed when using
the proposed control scheme, which means that the con-
trol signal can be easily applied in real system of quadro-
tor UAV.

To demonstrate the ability of the proposed control al-
gorithm to track the reference signal, we now apply the
control algorithms, i.e., ASMC, LQR and ADRC to com-
plete the tracking of the given altitude and attitude. The
simulation results are exhibited in Fig. 6, from which it
can be observed that the altitude and attitude angles of the
four-rotor UAV are stabilized close to the desired outputs
by ASMC despite the external disturbance injecting along
the z, φ , θ and ϕ directions. Although the tracking speed
of LQR is faster, it produces a larger oscillation in alti-
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Fig. 4. The estimations of upper bounds of external distur-
bances.

tude channel. Besides, it is clear that the tracking speed
of ASMC is faster than that of ADRC. In attitude chan-
nel, the oscillation produced by LQR and ADRC is in-
deed larger than that produced by ASMC. Therefore, the
tracking performance and the robustness of ASMC is bet-
ter than that of LQR and ADRC.

Furthermore, to illustrate the robustness of the proposed
control algorithm to measurement noise, as presented in
Fig. 7, the simulations of the three control methods are
conducted and the corresponding results are shown in
Fig. 8. It can be seen that, compared with ASMC and
ADRC, the measurement noise has a greater impact on
control capability of LQR, and even the reference signal
cannot be tracked in the roll and pitch channels. In addi-
tion, although there is a steady state error when ASMC
is applied, the rise time of ASMC is shorter than that of
ADRC in altitude channel. Meanwhile, as shown in Fig. 8,
the control performance of ASMC is better than that of
LQR and ADRC in terms of tracking accuracy in attitude
channel when the measurement noise is involved.

Remark 3: In simulations, the controller parameters in
Table 2 are debugged step by step based on the tracking
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Fig. 5. The control input profiles for all the input channels.

results, and these parameters might not be the optimal pa-
rameters. It is found that ci, i = 1, · · · , 4 and ki, i = 1,
· · · , 4 are the parameters that have a greater impact on the
tracking results during debugging.

Remark 4: It is worth mentioning that the estimations
of system physical parameters and the upper bound of ex-
ternal disturbances may not converge to their true values,
since the estimation errors is not guaranteed to converge
to zero when using the Lyapunov function to analyze the
stability of the four-rotor system.

4.2. Experiment test
In experiment, the proposed control strategy is applied

to a quadrotor UAV platform provided by Beijing Links
Tech Co., Ltd., as shown in Fig. 9. This platform uses a
personal computer (PC), a 51.5 cm × 51.5 cm test bench,
an external DC power module, a power adapter, an USB
to RS485 converter, a wind speed sensor and an AR Drone
2.0 quadrotor system with 1 GHz 32 bit ARM Cortex A8
processor, 3-axis gyroscope, 3-axis accelerometer, 3-axis
magnetometer, barometer, ultrasonic sensor, 4 brushless
motors, 4 motor controllers and a Wi-Fi wireless module.
To ensure the test safety, the quadrotor is fixed on the test
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Fig. 6. The tracking performance of altitude and attitude.
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platform. Meanwhile, a strong electric fan is utilized to
produce the sustained wind disturbance, whose speed can
be measured by a wind speed sensor.

The power adapter and the external DC power module
provide stable power supplies for the USB to RS485 con-
verter and processor of the quadrotor, respectively. The
controllers are first implemented in MATLAB/Simulink.
Then the code generation technique provided by MAT-
LAB is used to convert the Simulink model into C lan-
guage code, which is downloaded to the processor via Wi-
Fi. In addition, the tracking data collected by the sensors
on the quadrotor system can also be transmitted back to
MATLAB by Wi-Fi. The USB to RS485 converter is uti-
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Fig. 8. The tracking performance of altitude and attitude
under measurement noise.
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Fig. 9. Quadrotor UAV platform.

lized to transmit the wind speed to the monitoring soft-
ware of the PC. Therefore, we can observe the tracking
results for the reference signal and the speed of external
wind disturbance in real time on the PC. It is worth noting
that the altitude controller is not verified in the experiment,
since the altitude of the quadrotor is fixed.

Two experiments with different wind speeds have been
performed on the quadrotor platform. Notice that the ini-
tial attitudes of the quadrotor could be different in the ac-
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Fig. 10. The estimations of physical parameters under the
wind speed of 2.7 m/s.
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Fig. 11. The estimations of upper bounds of external dis-
turbances under the wind speed of 2.7 m/s.

tual tests, since the attitude of the quadrotor cannot be
measured when the quadrotor is in the stationary state.

Case 1: The control objective is to stabilize the attitude
of the quadrotor at 0 rad under the wind speed of 2.7 m/s.

The estimation of physical parameters βi, i = 3, · · · , 6
and upper bounds of external disturbance δi, i = 2, · · · , 3
are plotted in Figs. 10-11.

The controller outputs of roll and pitch dynamics sys-
tems are presented in Fig. 12. The experiment results of
roll and pitch channels are provided in Fig. 13. In view of
these results, notice that ADRC produces a larger oscilla-
tion at the beginning of the flight test, and then achieves
a stable tracking for the reference signal. Meanwhile,
ASMC and LQR give an almost equal control effect for
the tracking of roll and pitch angles. The tracking errors
of the three control algorithms remain in a small neighbor-
hood of zero when the flight time of the quadrotor exceeds
15 seconds.
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Fig. 12. The outputs of the roll and pitch controllers under
the wind speed of 2.7 m/s.
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Fig. 13. Tracking results of roll and pitch angles under the
wind speed of 2.7 m/s.
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Case 2: The task of the reference tracking of the attitude
angle of 0 rad is assigned for the quadrotor under the time-
varying wind speed, as shown in Fig. 14.

The Figs. 15-16 show the online estimation for the con-
troller parameters βi, i = 3, · · · , 6 and upper bounds of
external disturbance δi, i = 2, · · · , 3.

Fig. 17 depicts the controller outputs of the three algo-
rithms in the movements of roll and pitch. Fig. 18 presents
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Fig. 15. The estimations of physical parameters under the
time-varying wind speed.
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Fig. 16. The estimations of upper bounds of external dis-
turbances under the time-varying wind speed.

the time history of the tracking for the desired roll and
pitch angles of the quadrotor. It is clear that there is a
larger oscillation in the roll and pitch channels throughout
the flight test when applying ADRC to the quadrotor plat-
form, which could be reduced by adjusting the parameters
of the ADRC. Besides, the tracking error of LQR is larger
than that of ASMC in roll channel, while the tracking per-
formance of ASMC and LQR for the reference signal is
almost same, as shown in pitch channel in Fig. 18.

From the experimental results of Figs. 13 and 18, we
can conclude that the control performance of ASMC is
indeed better than that of LQR and ADRC under the effect
of constant or time-varying wind speed.

Remark 5: It is worth noting that the outputs of the
controllers are Ui, i = 1, · · · , 4 of (9) and (15) in simula-
tion. However, the outputs of the controllers are constant
scalars to be used for calculating the duty cycle of voltage
in the processor of the actual experiment.
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Fig. 17. The outputs of the roll and pitch controllers under
the time-varying wind speed.

0 10 20 30 40 50 60

Time (s)

-0.3

-0.2

-0.1

0

0.1

0.2

φ
(r
ad

)

ASMC
LQR
ADRC

0 10 20 30 40 50 60

Time (s)

-0.6

-0.4

-0.2

0

0.2

0.4

θ
(r
ad

)

ASMC
LQR
ADRC

Fig. 18. Tracking results of roll and pitch angles under the
time-varying wind speed.

Remark 6: Indeed, the proposed control method is
more complex than LQR and ADRC algorithms in terms
of controller structure and the number of parameter. How-
ever, the proposed controller has better robustness against
external disturbances, which has been proven by simula-
tion and experiment. In addition, parameter tuning of the
proposed method is easier and more regular than that of
LQR and ADRC. As a result, the proposed algorithm can
be easily applied to the actual UAV system and the ef-
fectiveness of the proposed algorithm would be verified
accordingly.

5. CONCLUSION

This paper studies the altitude and attitude tracking con-
trol problems for a quadrotor UAV system subject to para-
metric uncertainties and external disturbances. To enable
the designed controller to be applied to any quadrotor, all

parameters of the quadrotor dynamics are estimated by the
designed adaptive laws. The stability of the closed-loop
system has been proven by Lyapunov theory. Furthermore,
the tracking errors of altitude and attitude of the quadrotor
system are guaranteed to converge to zero asymptotically.
Moreover, simulations and real experiments of ASMC,
LQR and ADRC are conducted respectively to illustrate
the superiority of the proposed control scheme in effec-
tiveness and robustness. We will focus on finite-time sta-
bility of a quadrotor UAV subject to input saturation and
develop a nonlinear disturbance observer to compensate
for external disturbance in future research.
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