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Abstract— Notwithstanding the successful design of state-of-
the-art cooperative control protocols to accomplish formation
tracking for multiple unmanned aerial vehicles (UAVs), the
assurance of performance optimality cannot be guaranteed in
the face of complex disturbances affecting these multi-UAV
systems. In order to surmount this challenge, this research
endeavor aims to establish a feedforward-feedback learning-
based optimal control methodology to facilitate cooperative UAV
formation tracking in the presence of intricate disturbances.
To be more precise, by leveraging backstepping-based feedback
control, the problem of UAV formation tracking is transformed
into an equivalent optimal regulation problem. Consequently,
a learning-based feedforward control scheme is devised, wherein
the cooperative policy iteration algorithm is formulated based on
a two-player zero-sum game. The critic-only echo state network
(ESN) is employed to approximate the optimal feedforward con-
trol policies, with the inclusion of an online adaptive tuning law
and compensation terms to alleviate the persistence of excitation
condition and eliminate the need for an initial admissible control.
As a result, the closed-loop stability is guaranteed in terms of
uniformly ultimately boundedness for tracking errors and ESN
weights.

Note to Practitioners—In real-world scenarios, the flight of
multiple UAVs is invariably affected by intricate disturbances,
resulting in compromised tracking precision. There is an urgent
need to enhance resistance to disturbances and ensure optimal
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performance for cooperative formation tracking of multiple
UAVs. Beyond the capabilities of model-based controllers, the
integration of reinforcement learning has shown promise in
achieving robust control actions. By introducing the cooperative
policy iteration algorithm based on a two-player zero-sum game,
the tracking performances of UAV formation can be further
optimized. In order to facilitate the practical application of
reinforcement learning in UAV systems, our proposed algorithm
addresses the persistency of excitation condition by incorporating
innovative compensation terms into the ESN tuning law. Further-
more, we resolve the requirement for initial admissible control
by introducing a novel piecewise compensation term into the
ESN tuning law, which is based on a newly proposed Lyapunov
function.

Index Terms— Feedforward-feedback learning-based control,
two-player zero-sum game, unmanned aerial vehicle formation
tracking.

I. INTRODUCTION

N RECENT years, the utilization of unmanned aerial

vehicle (UAV) formations has proven successful in various
applications such as load transport [1], surveillance [2], and
target enclosing [3]. Numerous formation control method-
ologies have been proposed to address these applications.
For instance, in [4], a decentralized sliding mode controller
was introduced to achieve consensus in altitude and head-
ing angle for UAV formations. Reference [5] developed a
time-varying formation controller that leveraged local status
information sharing to solve the consensus control problem
in UAV formations. References [6], [7], [8], and [9] directed
their attention towards coordinated formation stabilization and
formation tracking of UAVs, considering fixed topologies and
switching topologies, respectively. However, it is important
to note that most existing results, including [4], [5], [6], [7],
[8], and [9], fail to guarantee performance optimality. Com-
plicating matters further, UAV formations are often exposed
to intricate disturbances [10], [11], [12], [13] when operating
in complex environments. This reality poses challenges to
ensuring optimality, thus greatly limiting the performance
of UAV formations. Consequently, there is a critical need
to pursue both optimality and robustness to achieve stable
formation control in the presence of complex disturbances.
This objective falls under the domain of mixed robust control
and optimal control [14], [15], [16], [17].

Primarily, the current focus in the realm of mixed robust
control and optimal control design lies in the framework
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of the two-player zero-sum game. This framework offers
a viable solution to the robust control problem, where the
controller acts as the minimizing player while the distur-
bance represents the maximizing counterpart [18], [19]. Recent
advancements have presented various approaches for address-
ing two-player zero-sum games through online learning of
control and disturbance policies [20], [21]. These methods
involve the adaptation of control and disturbance policies using
reinforcement learning, with neural networks employed to
identify the corresponding value function.

Reinforcement learning provides an optimal design tech-
nique for control systems [22]. Different from the tra-
ditional optimal control designs, controllers incorporating
reinforcement learning technique are capable of learning the
approximate solution to optimal control from the feedback
of surroundings [23], [24]. With respect to learning-based
optimal control designs [25], [26], [27], [28], [29], online
approximate solutions based on policy iteration are developed,
whereby the neural networks are deployed to approximate the
value function and control policy. This advantage has moti-
vated researchers to develop several learning-based control
approaches for the path planning [30], obstacle avoidance [31]
and resource allocation [32] of UAV formation.

Taking inspiration from foregoing literature, a feedforward-
feedback learning-based optimal control is developed for
multiple UAVs. The objective is to seek both the opti-
mality and robustness of cooperative formation tracking.
To this end, a backstepping-based feedback control tech-
nique is employed to transform the UAV formation tracking
problem into an equivalent optimal regulation problem. Sub-
sequently, a learning-based optimal control is derived by
utilizing a two-player zero-sum game framework based on
Echo State Network (ESN) approximation. The main contri-
butions of this paper can be summarized as follows:

e In response to the challenge posed by the inability of
most UAV formation control methods [4], [5], [6], [7], [8],
[9] to ensure performance optimality, a feedforward-feedback
learning-based optimal control scheme is devised. The pro-
posed control scheme addresses the complex disturbances
encountered in cooperative UAV formation tracking while also
guaranteeing performance optimality.

e In addition to the model-based backstepping con-
trollers [5], [6], [7], [8], [9], the integration of reinforcement
learning offers the potential to achieve robust control actions.
Through the introduction of the cooperative policy iteration
algorithm based on two-player zero-sum game, the tracking
performances of UAV formation are further optimized.

e In contrast to most learning-based control methods, such
as [25], [26], [27], [28], [29], [30], [31], and [32], which
satisfy the persistency of excitation condition by introducing
probing noise to the system dynamics or through a replay
strategy involving the collection and training of large amounts
of recorded data, our proposed algorithm takes a different way.
The proposed algorithm attempts to eliminate the persistency
of excitation condition by introducing innovative compensa-
tion terms into the ESN tuning law. Furthermore, our proposed
algorithm addresses the requirement for initial admissible
control by incorporating a novel piecewise compensation term
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into the ESN tuning law, which is based on a newly proposed
Lyapunov function.

The rest of paper is organized as follows: Section II presents
the problem formulation and preliminaries. This is followed
by the presentation of feedforward-feedback learning-based
optimal control design in Section III. In Section IV, an ESN-
based approximation for the value function is provided. The
stability analysis is covered in Section V. Experiment and
simulation validations are discussed in Section VI. Section VII
draws the conclusion.

Notations: N, R™ and R"*" denote the real number, the real
m-vector and the real m x n matric, respectively. |-| represents
the absolute value, ||-|| is the Euclidean norm of a vector or the
Frobenius norm of a matrix, tr(-), Amin(+) and Ap.x(-) denote
the trace, minimum and maximum eigenvalues of the matrix
respectively, I, is a n x n identity matrix, operator ® denotes
the kronecker product, and [- ; -] is a two-vector concatenation
operation.

II. PROBLEM FORMULATION AND PRELIMINARIES
A. Algebraic Graph Theory Basics

Given a graph G = (V,&, A) to describe the connec-
tions among the multiple UAVs, it consists of nodes V =
{vi, -+ ,v,} and the sets of edges &€ = {(i,j), i,j €
V,and i # j}, and A = [a;;] € R"*" denotes the weighted
adjacency matrix of G. If there exists an edge between the
ith UAV and jth UAV, then a;; = a;; # 0 and otherwise
a;j = aj; = 0. Moreover, the neighbors of ith UAV is denoted
by the set NV; = {v; : (v;, v;) € £}. The Laplacian matrix
is defined by £ = D — A, where D = diag{d,, --- , d,} with
di = Z';zl a;jj. G is connected if there is a path from each
UAV to others.

For the sake of multi-task need, a switching graph is
considered for UAV formation. Specifically, define an infinite
sequence of time intervals [tk, tk+1), where o = 0 and 0 < ¢,
< fyy1 — t with #; denoting the dwell time. The graph
keeps fixed during [tk, ft+1) and switches at time #;,;. Let
o(t) : [0,400) — {1,2,...,n} stand for a switching signal,
where n represents the number of all probable graphs. The
value of o (¢) is the index of switching topology. Define afj(’)
as the weight of A for o (7). Let N7, G°® and L@ be the
neighbor set, the topology, and the Laplacian matrix for o (),
respectively.

B. Problem Description

Consider a formation of N identical fixed wing UAVs.
By introducing the auxiliary dynamics with a path parameter
6;, the kinematic model for each UAV is expressed as [33],
[34]

[ %i = Vicos i cosy; + wy;
yi = Visiny; cosy; + wy;
zi = Visiny; + wy;

Vi = gtang / Vi (1)
Vi=Kei — Vi)

0 = ¢;

Qi = Wi
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where x;, y; and z; denote the position in the inertial frame,  Ap, “y " d,
V; is the airspeed, v; is the heading angle, y; is the air-relative = Bacclzifﬁﬁmg H; i »| UAV model
flight path angle. The control inputs are selected as ¢.; and P, “ +
Yei» which represent the commands of roll angle and flight X, u X
path angle, respectively. w,;, wy; and w; are complicated Feedback Optimal control [« -
unknowns along x—, y— and z— axes, respectively, u; is a Control
virtual control law to generate the path. Note that we follow the Desi .

. . . . esign Feedforward Control Design
coordinated turn assumption to achieve the motion of ;. And
the dynamics of y; is described using a first-order system with
a time constant « to accommodate the relatively slow response Fig. 1. Configuration of feedforward-feedback control scheme.

set up by the autopilot. 6; is a path parameter, which can be
any physical quantity, and we take 6; = ¢; and ¢; = ;.

Definition 1: (Cooperative UAV Formation Tracking) Mul-
tiple UAVs are said to achieve cooperative formation tracking
if

Jim (p;(1) = Ap;(1) = po(1)) = 0 @

where p;(t) = [xi(t),yi(t),z,-(t)]T denotes the position of
the ith UAV, Ap;(1) = [Ax;(1), Ayi (1), Az,-(t)]T represents
the relative position with respect to the virtual leader which
specifies the expected time-varying formation, and p,(¢) is the
position of virtual leader, expressed as

Po(t) = {)C(), Yo, 20 € <R|90 S [emin» Gmax]
> xo = rc(60), yo = ry(60), 20 = r2(00)}  (3)

where éo = f(6y, t) with function f : R"* — R", Oy and Opax
are the minimum and maximum values of 8y, respectively.

From (2), define e,; = x; — Ax; — X0, ey; = yi — Ayi — Yo
and e;; = z; — Az; — zo. Taking the time derivative of e,;, ey,
and e,; along (1) yields

éyi = foi(Xp) + wy — AX;
éyi = fi(Xy) +wy — Ay; “4)
e = fu(Xy) +wy — Az

where f.;(X;) = Vicosy;cosy; — %(00, fyi(Xi) =
V; siny; cos y; — dyo @o and f;(X;) = V;siny; — aéﬁ(pg, X, =

[xi, vis zio Wis v 90, (00] .
For the sake of simplification, let u;; = gtan¢.; / V; and

uy = k(¥ — ;). Then the implementable control laws can
be calculated as ¢.; = arctan(ul, Vi /g) and y,; =y + uzl//c
T
Define e¢; = [e/\lﬂ €yi, 871] P di = [wxu Wy, w”l] > Ui
[wit, uiz, ol and f; = [ fuis fis fz,] It follows from (4)
that
e =fi+di—Ap,
. &)
fi=F;+Gu;
e ), ), o) ST
where I'y = —| =5 =9, —55, Y00 “a0, 0| >
—Visiny; cosy; —V;cosy; siny; —322
G; = | Vicosyicosy; —V;siny;siny; — 300
0 Vi cos y; aég

The objective of this paper is to design a feedforward-
feedback learning-based optimal control scheme such that the

multiple UAVs follow the virtual leader and maintain a pre-
scribed formation configuration in the presence of complicated
disturbances, while respecting the switching topologies G,

III. FEEDFORWARD-FEEDBACK LEARNING-BASED
OPTIMAL CONTROL DESIGN

This section presents a mixed feedforward-feedback based
optimal control scheme to achieve the cooperative UAV forma-
tion tracking (see Definition 1) with complicated disturbances.
Firstly, the feedback control law, denoted by u{ is designed
using the backstepping control method to obtain a new trans-
formed error dynamics. Subsequently, an optimal feedforward
control action, denoted by u} is derived. As a result, the
mixed feedforward-feedback based control signal is given as
u; = u! + u}. The overall control configuration is shown in

Fig. 1.

A. Backstepping-Based Feedback Control Design

A backstepping-based feedback control design is proposed
as follows:

Step 1: To carry out the controller design, some notations
are defined as follows: f; = f; — fis» fiq 1S the virtual
control such that f;, = fi, + fi;, where f7, is the feedback
virtual control and f7, is the feedforward optimal term. Then
it follows from (5) that

= fi+ fla+ fla+di—Ap; (©6)
Consider the following Lyapunov function candidate
1
L= Ze, e; @)
Take the time derivative of L;; along (6) yields
Lzl—e(f + fly+ fia+di — Api) ®)

The feedback virtual control f¢, is chosen as

f?d:—kzl-zaio-j([)(ei_ej)_kliei+Api (9)
jej\/iu(r)

where kj; and k; are positive design parameters.
Substituting (9) into (8) gives

T t

ll - k21 Z H()
jeNy®
2,7 T

— kiilleill” +e;d; +e; [},

+ef

(10)
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Step 2: Choose the following Lyapunov function candidate

1~
Lo=5F, T (11)

As shown in Fig. 1, the control input u; is taken as u; =
u{ + u}. The time derivative of L;, along (5) is
~T .
f,‘ {Fz +G,(uf+u;k) _fid}

The feedback control u{ is designed as

L= (12)

uf = kG 3 a7 e —e)) + a7 (T - 7))
JG-/\/;"(I)
k6 LTS (7 7))
”fl” jE./\/io(I)
— G\ (Fi + ki f; + e — fia) (13)

where k3; is a positive design parameter.
Substituting (13) into (12) yields

Lio=—kuf] D {a7"(e

ej)+ai"(Fi - F))}

JeNT®
— ko T‘:E: { na) .?j)}
jeNy?

702 *T r *
= ki £ill” = fiei+ fi G (14)
Theorem 1: Given the error dynamics (5), define the aug-

. T 1T

mented control input vector ; = [ f},, ul] such that 7; =

¢ + 77, where ¢ = [ £, uT]" is the augmented feedback
control input in (9) and (13), and 77 = [T, u"]"
the augmented feedforward control action which optimally
stabilizes the transformed error dynamics

S =Cit; + K,d; (15)
where C; = [(l)zij 03Gi3]’ K, = [(l)ziz} and §; =

! 77]

Then the optimal formation tracking of UAVs is accom-
plished by forcing ; to converge to an arbitrarily small region
around origin in an optimal manner.

Proof: Based on (7) and (11), let us consider the entire
Lyapunov function

N
L= Z (Li1 + Li2)

i=1

(16)

Taking the time derivative of L along (10) and (14) gives

N
L=t (e+F0) 2] ei—e) + 0 (Fi =)
i=1 je/\/"-"(”
N
+ Z fi+ flGu; +ed))
le
= > (kuillesl + ki | 7] a7

i=1
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N F = Far e FadT and

Let e = [e], e}, -
]. Then, the following equality holds

0(1) ACa(t) Ea(l)
A o0 o

N
S e+ 7" i e — )+ (F -

i=1 jENU(l)

- [%]T(A"(’) ® 13)[%}

Assuming that graph G°® is uniformly connected, £°®
is symmetric and positive semi-definite, and further A° is
positive semi-definite. Then, it holds that

T
_k2i|:'€i‘:| (Aa(t) ®I%)|:e‘7_:| <0

Substituting (19) into (17) gives rise to

7))

(18)

19)

N
L= (e s+ FiGiu;+eld:)
i=1

N
= > (ke +k] 7. 17)

i=1

N
<Z o (| 13x3 O3x3 . L |4
T\ G | [05 '

N

2
— Y ISl
i=1

It follows from (20) that when t} stabilizes the system (15),
the first term in right-hand side of (20) turns negative.
This completes the proof of Theorem 1. ]

(20)

B. Learning-Based Optimal Feedforward Control Design

In this section, a zero-sum game based optimal controller
is designed to stabilize the transformed error dynamics (15),
which forces J; to converge to an arbitrarily small region
around origin in an optimal manner.

Given the feedforward control policies T} and d;, the infinite
horizon integral cost is defined as

VvV, = / (Q(f:?,) + T?TRIT? — d?Rdd,)dt 2n
t

where Q(S;) = SslT QS is a penalty on the error J;, R, €
N6*6 and R, € MO are positive design matrixes.

Then, the optimal cost for two-player zero-sum game can
be obtained

o0
V= minrrilax/ (Q(%i) + R — d,.TRddi)dt (22)
! i '

i

In view of the value function (21), the Hamiltonian function
associated with feedforward control policies 7} and d; is
defined as

H; = Q(3) + 7] 'R.7} —d; Red; + VV] (Ci7} + K;d))
(23)

where VV; = 9V; /9%, € RS
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Xl- l Feedback Control Design L v
+ a a b,
e, : i : u. .
—Vpo (X—>  Error Dynamics (5) i | Intermediate d_ |  Backstepping __l_t®_i_>
_ Controller (9) Control Law (13) X
+ UAYV Dynamics (1) i
X i X A A X A%
—> Communication Network — — L 4 _ _ _ _ | J ui
Transforrped Error Si _ Echo State v Vz _|  Approximate eHiA ESN Weight | Learning-based Optimal | |
Dynamics (15) Network (27) "| Hamiltonian (34) "| Tuning Law (42) W | Control (32), (33)
4 3i
T, T Si T Si Feedforward
Control Design

Fig. 2. Overall design framework of proposed control methodology.

Based on the stationarity condition of Nash equilibrium
for (23), the optimal feedforward control policies are obtained
by

~1
Il

1
—ER;ICl.Tvvi* (24)

1
d = ERJIKiTV\/i* (25)

where the optimal value function V;* is the solution of follow-
ing Hamilton-Jacobi-Isaacs (HJI) equation

1 1
0=— ZVV,.*TC,-R;lCiTVVi* + ZV‘/i*TKiRglKiTV‘/i*
+ 0(3) (26)

where VV*(0) = 0.

If the HJI equation can be solved by V*, the optimal
feedforward control policies 7{ and d; can be implemented
by (24) and (25). However, the analytic solution to the HIJI
equation is generally hard to obtain due to its inherently
nonlinear feature. To overcome this difficulty, a learning-based
control algorithm is proposed to learn the solution to the HJI
equation online using a critic ESN in order to get the optimal
feedforward control policies 7} and d.

IV. ESN-BASED APPROXIMATION FOR VALUE FUNCTION

To implement the feedforward control policies, an online
critic ESN is used to approximate the optimal value function
as [35]

. 1
bi(1) = E(_abi(t) + ¢(W1iSi (1) + Woibi (1))

VVE(t) = W3lSi (1) bi ()] + &:(3: (1), bi (1)) (27)

where « is a positive leaky rate, § is a positive time constant,
Wi, Wy and W3, are weighted matrices for input, reservoir
states, and output of ESN, respectively. Thereinto, W; and
W, are always sparse matrices generated stochastically and
do not need to be tuned. Only Wj; is needed to trained.
The training of W3; uses the gradient descent method in the
following. ¢(-) is the reservoir unit function, ;(¢) is the input
of ESN, &;(S3;(¢), b; (¢)) is the approximation error. The output
activation function is taken as an identity function.

Remark 1: The main reasons of using ESN to approximate
the optimal value functions is that compared with the existing

NNs [36], the ESN uses a dynamical reservoir to replace
the hidden layer of the recurrent NNs. Hence, we only need
to train the output weight Ws;;, which reduces the online
computation of weight tuning for UAV system.

Using (27), the optimal feedforward control policies are
given by

* l
7, = —ER;IC,TWy [3:(1); bi ()] + &4 (28)
1
di = ER;'K?W3,~ [:(0); bi ()] + €4; (29)

where &,; = —%Rr_lCiTei and &, = %R;'K?ei.

Assumption 1: [37] The approximation error &; is bounded
by |le;ll < k. with k. a positive constant. Then it follows
that ||e;; ]| < ker and |legi || < Kkeq With ke; and kg positive
constants.

Substituting (27) into the HJI equation (26) gives

1

1
et = — Z(WSi[%i(t);bi OD" P Wi [ (t)bi (1)]

1
+ Z(WBi [3:(1); bi (D))" Pai Wi [S:(1); bi (1)]
+ 0(%) (30)

where P,; = C;R;'CT, Py = K;R;'KT, and &' is the
residual error arising from ESN approximation.

Since the ideal W3; is unknown, we let W3i be the estimate
of W3, and we define W3, = W3; — Ws;. Then, VV*(3;(1))
can be estimated as

VV(t) = W3lSi(1); bi(1)] (31)

Substituting (31) into (24) and (25), the estimated optimal
feedforward control policies are given by

~ 1 S
7 =~ RO CTWIR:0); bi(0)] (32)
~ 1 ~
di = SR, K Wi[S:(0); bi(0)] (33)
The approximate Hamiltonian function is obtained as
~ ~ T e ~ ~
H; =(W3[3:(); b;(0)]) (C;T;+Kid;) + O(3)
+ T RE —d, Ryd; 2 e (34)

Then, it follows along (30)-(33) that
ey = (WSi [3:(2); bi (f)])T(Ci?T + Ki/d\i) — g
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1~ T~
- Z(Wﬁ[%i(f);bi(l)]) P W3i[3i(1); bi(1)]

1, ~ .
+ 3 (Wal3i(0): b 1) PuWalS:(0); ()] (35)

It is desired to select W3i to minimize the squared residual
error Eg; = %e%ﬂ’\by the gradient descent algorithm. Then,
the tuning law of Ws; is designed as

ﬁ’y ==X ﬁ =—1(CiT + Ki;ii)[Si (®); bi ()] en;
oWs3;
(36)

where A; is a positive tuning parameter.

Remark 2: Before starting the training process, an initial
admissible control signal is necessary. In [38, Definition 1],
[39, Definition 1], and [40, Assumption 1], the initial admis-
sible control solution is assumed to be existent a priori in the
stability analysis and is chosen manually in simulation and
experimental examples. This priori assumption is practically
difficult or even impossible to be satisfied since the output
weights of the ESNs generally have dozens of dimensions [35].
We remove the initial admissible control condition by propos-
ing new piecewise adaptation laws (38) for the critic ESN with
the help of a newly proposed operator I'; (39) which is selected
based on Lyapunov’s sufficient condition (37). This operation
is desired to pull the controller back to the admissible range
when the control is not admissible.

Remark 3: In terms of tuning law (36), the persistency of
excitation (PE) condition is needed to guarantee the conver-
gence of Wi Generally, the PE condition is directly assumed
to be satisfied [38, eq. (27)], and is always satisfied by
exerting probing noise on the system dynamics [39, eq. (28)].
While in [40, Section III.C], the PE condition is solved by
so-called experience replay strategy in the sense of collecting
and training massive amounts of recorded data. In contrast
with aforementioned methods, we attempt to remove the PE
assumption via an adaptive manner by introducing appropriate
compensation terms (40), (41) in the adaptation laws (36) of
the critic ESN. On the one hand, to stabilize the instability
terms of (36) caused by the absence of the PE assumption,
we introduce the compensation terms (40) in the adaptation
law (36). On the other hand, to offset the superfluous terms
of W3,~ in (46), the compensation terms (41) are designed
combined with the adaptation laws (36).

To remove the requirement of initial admissible control pair,
we introduce a Lyapunov function candidate L;3 satisfying

. 1 ~ ~
Liz=— EVL;;TPT,»Ws,»[%,»(r);b,- (]

I sty o
+ —VLYTP ;i W3 [Si(1)bi(1)]

5 (37

where VL:; denotes the partial derivative of L;3 with respect
to %,’.

Lemma 1: [41] Given the transformed error dynamics (15)
with associated value function (21) and optimal control
policies (24) and (25), it is supposed that there exists a
continuously differentiable Lyapunov function L;3 such that

Ly = VLY'(Ci7] +Kid}) < 0. Let Ry be an
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appropriate positive definite matrix. Then it holds that
VLY(Cit! + Kid) = —VL Ry VL.
Based on (37), a compensation term is designed as

T,=-T;A 9L = ll" AP VLE"[‘” ®); b;(O]F
i — ltaWSi—ztln i3 LSi > Ui
1 5,
= TAiPa VL[S0 b ()" (38)
where the operator I'; is defined as

0, if VLI'(C/7r+K.d;) <0

1-\[ — 1 i3 ( Tz + ) < (39)
1, else

Remark 4: The operator I'; is chosen based on Lyapunov’s
sufficient condition for stability. This operation is desired to
pull the controller back to the admissible range when the
control is not admissible. If the closed-loop system is unstable,
the operator I'; = 1, (38) will be activated, which turns
I;,-3 < 0 hold true. Otherwise, the operator I'; = 0, and (38)
do not take effect.

To relax the PE condition, the following compensation terms
are introduced in the tuning law for W3i as follows.

T2i =)\iO'iMi[Si(t); bi(t)]T (40)
1
T3i = — Z)\,iMiTPriMiHi[%i([); bi(t)]T
1
+ A MTPGMH IS (0: i (O] (A1)

where M; = Wj;i[%i(l); b,‘(l‘)], H; = C,?f + Ki’d\j, and o; is
a learning rate. N
Based on (38)-(41), the new tuning law of W3; denotes

ﬁ’&' =— MHSi(1); bi(O] en + 2o M (35 (2); bi()]"

1
— inM?PtiMiHi[si<t>; b;(H]"

1
+ MM P M H S (1); bi (O]

1 5.
+ LA PuVLEISi(0); bi 1"

1 ~
= DA Pu VL[S (0); b ()]" (42)

V. STABILITY ANALYSIS

Theorem 2: Consider the transformed error dynamics (15).
Let the ESN weight tuning law be provided by (42). The
feedforward control policies are given by (32) and (33).
With the Assumption 1, the tracking error S; and the weight
estimation error W; are uniformly ultimately bounded (UUB).

Proof: Consider the following Lyapunov function candidate

1 ~ T ~
Lis=Lis+ —tr(WI,. W3,-) 43)
2)\,[ )
Taking the time derivative of (43) gives
. N | P
Ly = VLB H; + xtr(W3iW3i) (44)

Using (35) and (42), it follows that

- (=T 1~T ~
Wi =— A H;[3:(@); bi(1)] (M,- H, — ZMi P M,
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+%]~W?Pdi1‘~4i - 8,HH) NI ARNGRAGIE
+ %AiH,»[s,-(r); bi()]"M] P M,
- iAiHi[si (); bi()]"M] Py M;
— %FiAiP,iVL?g [3:(6); b ()]"
ST P VLIS @) b)) (45)

where M; = W [S:(1); bi ()], L
Substituting (45) into (44), the term tr(W; W3,~) becomes

)\%tl’(ﬁ]; W:;i) = —tr(M;FH,H;er) + tr(O'iM?Mi)
1 -
+ Ztr((Ws,- [3:(); b (DD P W[ (1); b (1) 1H M)

1 -~
- th((W3i [3:(); by (D) Pai Wi [ (); b (0) | H} M)

— w0/ (W38 (0); bi()D"M,) + (e H M)

1 ~ _
- Etr(M;rPriWSi[%i(t); bi(f)]H,-TMi)

1 —~ -
+ ste(M] P WalSi0): b (01 HT 3, )

1 ~ .
— Str(TiIS0: i 1V LY PL W)

2 1

1 ~ -
+ Etr(r,-[%im; biOIVLY PL W) (46)

Define
1
N;=H;H + 5 P WailSi(0; by "1H]
1
- EPdin‘[%i(l);bi(f)]HiT—Gilé 47)

1
Si = 7 (Wl (0); bi(ONT P W[ (1); b (1)1 H}

1
— 7 Wal3i(): b ODTPLW3i[Si(0); bi ()1 HT

— a(W3[S:(0); b))+ HT (48)
Combining (46)-(48), (44) can be rewritten as
L,’4 ZVL%TH,' — tr(M;FN,'M,') + tI‘(SiMi)
1 T
— Str(TSi: b OIVLY P W)
1 N ~
+ ST b OIVLYPLWa)  (49)

It can be concluded from [41] that S; is bounded by || S;|| <
kg. Let the parameters P.;, P;; and o; be chosen such that
Amin(N;)> 0. Then it follows that

Ly <VLY"H; — )»min(Ni)”Mi ||2 + Ks “Ml I
_ %tr(l"i[Si(z‘); b;()IVL"PT, W3,-)
+so(PISO: BOILYTPE W) (50)

According to (39), two cases of I'; = 0 and I'; = 1 are
analyzed as follows.

Case I: T; = 0, which indicates that VL) H; < 0.
It follows from (50) that

Liy < — k|| VL] - )»min(Ni)”Mi ||2 + ks ||1‘~41 [
2
= — 3| VLY | - Amm(Ni>(||A~4i | - ”—)
2 min(N7)
K
+ m (51
Give the following inequalities
2
|vei] - 453 hmin(N7) 42
or
e — (53

> —
)\min(Ni)

hold true, then Li4 < 0 is satisfied.
Case 2: T'; = 1, which means that VL;;’THi > 0. Then (50)
further satisfies

. 5, ~ 2 ~
Lis <VLY Hi = hin(ND) | Mi|” + | M |
1 5 ~
— Str(1i0: b IVLY P W)
1 5 ~
+ st b OIVLYTPL W) (54

By adding and subtracting VL%TC,EZ-k and VL%”TKid;k to
the right-hand side of (54), one arrives at

Lis SVL;N;T(CI"E? + Kid;k) + K HMI |- )»mm(Ni)”Mi ||2
+ viylei(z - 7) + ki@ - )
1 N
— str(130: b IVLY P W)
1 ~ ~
+ 5te(130: b IVLY P W) (55)
Substituting (28), (29), (32) and (33) into (55), it follows

Lia <VLYT(Ci7) + Kid}) = VLY (Ciewi + Kigw)

o~ 2 o~
- )»min(Ni)”Mi ” + K HMz H (56)
Recalling Assumption 1, it can be concluded that
|Cie.i + Kie;i|| < k. with k. a positive parameter.
. ~ 2 .
Lia = = dmin(R)| VLS | 4| VLY
—~ 2 —~
— dmin(ND | M |~ + x5 | M |
Jomin (R HVL*‘ € Y
< _ . . s |
= mm( \sz) i3 Z)Lmin(RSi)
2
~ Ky
- )»min(Ni)( M;|| - —) +& (D
H H 2)\'min(zvi)
K2 K2
where §; = s + o ®o-
If the following inequalities
lvey] > et [ (58)
2)¥min(RSi) )\min(R;‘si)
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or

Ks + {i
2)"min (Nz) )‘min (Nl)

|m;| > (59)
hold true, there exists L,-4 < 0.

This completes the proof of Theorem 2. ]

Theorem 3: With the Assumption 1, the feedback policy
pair (T}, d;) converges to the approximate Nash equilibrium
solution of the zero-sum game, i.e., 'E;k -7 || and ||d] —d;||
are UUB.

Proof: From (28), (29), (32) and (33), it follows that

—F o~y
T, —T;

1 ~
= FI=RICTWHIS; (0: BNl (60)
~ 1 ~
I} —dill < SII=R; K Ws[3;(); b1l (61)

Invoking the Theorem 2, [3;(¢);b;(z)] is bounded by
I[S: (2); b; ()] < b,, then it follows that

ko 1 3 _

’ T~ t;( = E)Lmax(R, IC;F)szSi (62)
~ 1 B N

I} = dill = hmar (R K7 )b: W (63)

Recalling the boundedness of W3,-, it is obvious that
”f;* -7} || and ||d} — d;| are UUB. This completes the proof
of Theorem 3. |

VI. EXPERIMENT AND SIMULATION VALIDATION

To showcase the effectiveness of our proposed control
algorithm, comprehensive flight tests encompassing both
experimental and simulated validations are conducted in the
presence of complex disturbances. In Section A, an experimen-
tal test utilizing the Links-RT UAV Platform is constructed to
validate the effectiveness of proposed controller. Additionally,
in Section B, the comparisons with state-of-the-art approaches
are presented through simulation validation, thereby demon-
strating the superiority of our proposed controller. These two
sections encompass two representative flight tasks: low altitude
penetration with formation reconfiguration and coordinated
turn with formation keeping.

A. Support of Proposed Algorithm Validation by Experiment
Test

To demonstrate the feasibility of proposed controller, the
experimental validation is carried out based on the Links-RT
UAV Platform (supported by Beijing Links Co., Ltd.). The
overall experiment setup and detailed hardcore parts of
Links-RT UAV Platform are presented in Figs. 3-4. The
interactive relationship between functional units is depicted
in Fig. 5. The proposed controller is firstly implemented in
MATLAB. Then the code generation by Links-Auto Coder is
used to convert the MATLAB language into C code, which
is downloaded by Pixhawk. The Pixhawk is responsible for
executing the proposed control algorithm with a sampling
time of 2ms and generating pulse-width modulation (PWM)
signals, which are sent to the real-time simulator, where the
multi-UAV dynamics model is compiled and loaded into the
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PIXHAWK

Control Computer
.+ Monitoring Computer

Fig. 3. Experiment prototype of the Links-RT UAV Platform.

PIXHAWK

Fig. 4. Hardcore parts of the Links-RT UAV Platform.
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N N _ s \ -

| ) / ~ -
~ - A Sy / —-—

\ |
\_ Real-time ,
Simglgtm/

Position, velocity
and attitude

Fig. 5. Interactive relationship between functional units.

real-time simulator, such that the velocity and attitude motion
are calculated and transmitted to Pixhawk and monitoring
software, while presenting the 3D visual scenes in Tacview and
plotting the velocity and attitude tracking curves by MATLAB.

In the experiment test, the performance of our proposed
control scheme is assessed through a low altitude penetration
task for UAV formation reconfiguration. The planner path
profile of references is expressed as x(6p) = 0, yo(6y) = 326y,
20(6p) = 500 — 206y(t < 5) and zp(8y) = 400(5 <t < 14).
The initial values of the path parameters are taken as 6y = Orad
and 6y = lrad / s. The initial airspeed, heading angle and pitch
angle of each UAV are taken as Vy = 30m/s, Yo = 7 / 2rad and
Vo= — arctan(Z / 3)rad respectively. The time constant of pitch

Authorized licensed use limited to: China University of Petroleum. Downloaded on August 02,2024 at 02:29:55 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

ZHANG et al.: LEARNING-BASED OPTIMAL COOPERATIVE FORMATION TRACKING CONTROL 9

Toaddl

(b) 3D visual scene at 12th second

Fig. 6. 3D visual scenes displayed by Tacview.
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Fig. 7. Position trajectories of UAV formation.

dynamics is chosen by « = 1. The desired relative positions of
UAVs with respect to virtual leader and the preset topologies
are listed in Table I. Moreover, the flight test is performed for
the cases of complicated disturbances as follows.

wy, = 5sin(0.17) + &,
wy = 3cos(0.1¢) + &,

w, = 3cos(0.5t) + &, (64)

where &, &, and &, represent random noise signal with a
normal distribution.

TABLE I
FORMATION RECONFIGURATION AND SWITCHING TOPOLOGIES

27®

Ax(m) Ay(m) Az(m) a;;
o' t

UAVI 0 2t 0 %t; - 1(’& € 10,14]s)
73 (t € [0,14]s)

agl“) =1(t € [0,14]s)

UAV2 —204 0.5t 0 0 oty _ [ 1(te0,5]s)
» { 0(t € (5,14]s)

afT =1(t € [0, 14]s)

UAV3 20 — 0.5¢ 0 0 o _ { 0(t € [0,5]s)
32 1(t € (5,14]s)

TABLE II

FORMATION KEEPING AND FIXED TOPOLOGIES

O]
@ij

7 =1 (¢t € 0,12] )

Az(m) Ay(m) Az(m)

UAVI 0 0 0 a(172(t> = [
ajs’ =1(t€0,12]s)
o(t
UAV2 —20 0 o e =1(t€[0,12]s)
ags” = 1(t € [0,12]s)
UAV3 20 0 o 9 =1(t€0,12]s)
[,

ag$? =1(t € [0,12]s)

Remark 5: Different from the constant disturbances in [42],
[43] and low-frequency disturbance with small-value ampli-
tude in [44] and [45], the assumed disturbances (71) takes
into account the factors of electromagnetic interferences and
gusts among disturbances, which integrates the characteristics
of high-frequency vibration and large-value amplitude. This
disturbance set fits in the complex flight environment.

The control parameters of proposed feedback controller are
chosen as ky; = ky; = k3; = 90,i = 1, 2, 3. For learning-based
feedforward controller, we take Q = I¢, R, = 10%I¢ and
R, = 10%1;. For ESN, the reservoir is selected as W, €
N 100100 “the internal unit function ¢ is defined as an identity
function, and we select « = 10 and 8 = 10. To relax the
initial admissible control, the Lyapunov function L;3 is chosen
as Lz = %T i with Qy; = I, then it follows Ly =
ZSI-T QSi(Ctti —i— Kd;). The 1n1tial output weights are set to
be zero. The learning rates are selected by A, = o; = 10,
i=1,2,3.

The 3D visual scenes displayed by Tacview are presented
in Fig. 6 (a)-(b). And the corresponding experimental results
drawn by MATLAB are exhibited in Figs. 7-11. Fig. 7 shows
the position trajectories of UAV formation, where the initial
configuration is described by a loose V shape, and the final
positions of UAV formation are realized by a close V one.
Fig. 8 presents the state responses for each UAV during flight.
And Fig. 9 describes the tracking errors for each UAV. It can
be observed from Fig. 9 that cooperative formation tracking
is well achieved by our proposed control algorithm. Taking
UAV1 for example, Fig. 10 gives the control signals and the
evolution of operator I'; is shown in Fig.11.

B. Comparison With State-of-the-Art by Simulation
Validation

To highlight the disturbance-rejection ability of our pro-
posed method, our proposed control algorithm is compared
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Fig. 10.

with state-of-the-art approaches [3], [34] by simulation vali-
dation. The first comparative method is taken from [3], where
a conventional backstepping controller is considered. The
second comparative approach is a disturbance observer based
backstepping controller in [34].

In this section, the superiority of our proposed con-
trol scheme is emphasized through a coordinated turn with
formation keeping. The path profile of virtual leader is
expressed as xo(6p) = 1000 cos 6y, yo(6yp) = 1500 sin(26y) and

Control actions for UAV1: (a) Control input u#1; (b) Control input u#15 (c) Estimated optimal control policy ii’f

20(6p) = 1000. The initial values of path parameters are taken
as 6y = Orad and éo = 0.01rad / s. The initial states for each
UAV are taken as Vy = 30my/s, Yo =7 / 2rad and yy = Orad.
The time constant of pitch dynamics is chosen as ¥ = 1. The
preset desired relative positions of UAVs 1-3 with respect to
virtual leader and the fixed topologies are shown in Table II.
The complicated disturbances w,, w, and w, are same as (64).

The control parameters of proposed feedback controller are
chosen as ki; = 100, k; = 0.1, k3; = 100, i = 1,2, 3.
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TABLE III
TRANSIENT AND STEADY-STATE PERFORMANCES UNDER DIFFERENT CONTROLLERS

Controller Maximum error fluctuations(m) Offset error(m) Integral of absolute error(m.s)
Proposed Controller 0.0836 0.0496 0.3773
ex1  Compared method in [3] 22.4448 24.4430 136.4567
Compared method in [34] 0.7999 0.277014 0.4535
Proposed Controller 0.8233 -0.0724 5.9935
ey1  Compared method in [3] 0.7916 0.4951 57112
Compared method in [34] 0.8148 -0.1372 5.9513
Proposed Controller 0.2035 0.0294 0.2813
ez1 Compared method in [3] 9.0657 -5.7929 54.5148
Compared method in [34] 0.4535 -0.4531 0.9986

For learning-based feedforward controller, we take Q = I,
R, = I¢ and R; = I;5. For ESN, the reservoir is selected
as W, e R1000x1000 the internal unit function ¢ is defined
as an identity function, and we select « = 10 and g = 10.
To relax the initial admissible control, the Lyapunov function
L;3 is chosen as L;3 = i‘s,T QASi%i with Q«; = I, then one has
Liy = ZSiT Qki(Ciff + K;d;). The initial output weights are
set to be zero. The learning rates are selected by A; = o; = 10,
i=1,2,3.

Taking the UAV1 for example, Fig. 8 shows the curves
of formation tracking errors under three different controllers.
It is observed from Fig. 8 that with the help of feed-
back compensation of the learning-based algorithm, our
proposed method exhibits a stronger disturbance-rejection
ability in the presence of complicated disturbances. To visu-
ally evaluate the tracking performances of different con-
trollers, the indices of the maximum error fluctuations, offset
errors and integral of absolute errors are listed Table III,
which validates the superiority of our proposed control
scheme.

VII. CONCLUSION

This paper has presented a feedforward-feedback learning-
based optimal control scheme to provide the cooperative UAV
formation tracking in the presence of complicated distur-
bances. A two-player zero-sum game framework is designed,
where the critic ESN is derived to approximate the optimal
feedforward policies. To remove the PE condition and the
requirement of initial admissible control in weight tuning
law, appropriate compensation terms and a new Lyapunov
function have been introduced into adaptive tuning laws. Sim-
ulation results have validated the effectiveness and superiority
of our proposed control algorithm over the state-of-the-art
approaches. One of future researches would be the extension
of our control design to complex networked systems.
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